Universality in the Three-Dimensional Hard-Sphere Lattice Gas by Yamagata, Atsushi
ar
X
iv
:c
on
d-
m
at
/9
60
20
06
v1
  2
 F
eb
 1
99
6
Universality in the Three-Dimensional Hard-
Sphere Lattice Gas
Atsushi Yamagata
Department of Physics, Tokyo Metropolitan University, Minami-ohsawa 1-1,
Hachioji-shi, Tokyo 192-03, Japan
PACS. 02.70.Lq(Monte Carlo and statistical methods)
PACS. 05.50.+q(Lattice theory and statistics; Ising problems)
PACS. 68.35.Rh(Phase transitions and critical phenomena)
Abstract.
We perform Monte Carlo simulations of the hard-sphere lattice gas on the
body-centred cubic lattice with nearest neighbour exclusion. We get the crit-
ical exponents, β/ν = 0.311(8) and γ/ν = 2.38(2), where β, γ, and ν are
the critical exponents of the staggered density, the staggered compressibil-
ity, and the correlation length, respectively. The values of the hard-sphere
lattice gas on the simple cubic lattice agree with them but those of the three-
dimensional Ising model do not. This supports that the hard-sphere lattice
gas does not fall into the Ising universality class in three dimensions.
In this letter we study the hard-sphere lattice gas whose atoms inter-
act with infinite repulsion of nearest neighbour pairs. The grand partition
function is
ΞV (z) =
∑
N
zN ZV (N), (1)
where z is an activity and ZV (N) is the number of configurations in which
there are N atoms in the lattice of V sites. There are many studies on:
the square lattice [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13], the triangular
lattice [3, 6, 9, 10, 14, 15, 16], the honeycomb lattice [17], the simple cubic
lattice [1, 3, 9, 14, 18, 19], the body-centred cubic lattice [3, 9, 14, 20], and
the face-centred cubic lattice [3].
On the simple cubic lattice the author has estimated the critical expo-
nents, β/ν = 0.313(9) and γ/ν = 2.37(2), where β, γ, and ν are the critical
exponents of the staggered density, the staggered compressibility, and the
correlation length, respectively [18]. The corresponding values of the Ising
model are β/ν = 0.518(7) and γ/ν = 1.9828(57) [21]. It does not seem that
the hard-sphere lattice gas falls into the Ising universality class in three di-
mensions. The purpose of this letter is to obtain another piece of evidence
of that. We estimate the critical exponents of the hard-sphere lattice gas on
the body-centred cubic lattice.
We carry out Monte Carlo simulations [22, 23] of the hard-sphere lattice
gas (1) on the body-centred cubic lattice of V sites, where V = 2×L×L×L (L
= 2×n, n = 2, 3, . . . , 30), under fully periodic boundary conditions [11, 18].
We measure the staggered density,
m†′ = 〈R2〉1/2, (2)
and the staggered compressibility,
χ†′ = V 〈R2〉/4, (3)
where R = 2 (NA − NB)/V and NA (NB) is the number of the atoms in the
A (B)-sublattice. Each run is divided into ten or twelve blocks. 〈· · ·〉 is an
expectation in a block and · · · is one over blocks. All the simulations are done
at the critical activity, zc = 0.7223, [20] over 12× 10
5 Monte Carlo steps per
site (MCS/site) or 10 × 105 MCS/site after discarding 5 × 104 MCS/site to
attain equilibrium. We have checked that simulations from the ground state
configuration (The atoms occupy all the sites of one sublattice and the other
1
is vacant.) and no atom one gave consistent results. The pseudorandom
numbers are generated by the Tausworthe method [24, 25].
We estimate a critical exponent and an amplitude by using the finite-size
scaling [26, 27, 28]. For a physical quantitiy, O, we use the nonlinear chi-
square fitting [29] with a function of L, O(L) = ALp, where p and A are
fitting parameters. p = −β/ν when O = m†′. p = γ/ν when O = χ†′. We
calculate the chi-square per degrees of freedom, χ2/DOF, and the goodness
of fit, Q, [29] for the data set of the sizes: Lmin, Lmin + 2, . . . , Lmax − 2, and
Lmax. The values of Lmin and Lmax are selected so that the difference between
χ2/DOF and 1 is the smallest.
We get the results as follows. Form†′ defined by (2), β/ν = 0.311(8), A =
0.38(1), χ2/DOF = 0.94, andQ = 0.50. For χ†′ defined by (3), γ/ν = 2.38(2),
A = 0.037(2), χ2/DOF = 0.93, and Q = 0.50. Lmin = 26 and Lmax = 48
for m†′ and χ†′. Figure 1 shows the size dependence of m†′ at z = zc. The
solid line indicates 0.38L−0.311. Figure 2 shows the size dependence of χ†′ at
z = zc. The solid line indicates 0.037L
2.38.
The values of the critical exponents are consistent with those of the hard-
sphere lattice gas on the simple cubic lattice, β/ν = 0.313(9) and γ/ν =
2.37(2) [19]. They are different from the corresponding values of the Ising
model, β/ν = 0.518(7) and γ/ν = 1.9828(57) [21].
In conclusion, we have obtained strong evidence that the hard-sphere
lattice gas does not fall into the Ising universality class in three dimensions.
This is an interesting result since the models on the square lattice are in the
same universality class [11, 12, 13].
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Figure captions
Figure 1 Size dependence of the staggered density, m†′, defined by (2) at
z = zc. The solid line indicates 0.38L
−0.311. Errors are less than the
symbol size.
Figure 2 Size dependence of the staggered compressibility, χ†′, defined by (3)
at z = zc. The solid line indicates 0.037L
2.38. Errors are less than the
symbol size.
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